Introduction {#Sec1}
============

Modeling of electrical potentials has a long tradition in computational neuroscience. One model with some physiological significance is the voltage-based system $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \boldsymbol {\tau} \mathbf{u}'(t) &= - \mathbf{u}(t) + \boldsymbol {\omega} S_{\beta}\bigl[\mathbf{u}(t)- \mathbf{u}_{\theta}\bigr] + \mathbf{q}(t), \quad t \in(0,T], \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\mathbf{u}(t), \mathbf{q}(t) \in \mathbb {R}^{N},\quad t \in(0,T], \\ &\mathbf{u}_{\theta}, \mathbf{u}_{0} \in \mathbb {R}^{N}, \\ &\boldsymbol {\omega} \in \mathbb {R}^{N \times N}, \\ &\boldsymbol {\tau} \in \mathbb {R}^{N \times N} \mbox{ is diagonal}, \\ &S(x) = \frac{1}{2}\bigl(1+\tanh(x)\bigr), \\ &S_{\beta}[x] = S(\beta x), \\ &S_{\beta}[\mathbf{x}]=\bigl(S_{\beta}[x_{1}], \ldots,S_{\beta}[x_{N}]\bigr)^{T}, \quad\mathbf{x} = (x_{1}, \ldots, x_{N})^{T} \in \mathbb {R}^{N}. \end{aligned}$$ \end{document}$$ In the rate model ([1](#Equ1){ref-type=""})--([2](#Equ2){ref-type=""}), each component function $\documentclass[12pt]{minimal}
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The purpose of this paper is to explore the properties of the *initial-condition*-to-*solution* map $$\documentclass[12pt]{minimal}
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                \begin{document}$$ R_{\beta}: \mathbf{u}_{0} \rightarrow \mathbf{u}(T),\quad T < \infty, $$\end{document}$$ associated with ([1](#Equ1){ref-type=""})--([2](#Equ2){ref-type=""}). Note that we use the subscript *β* to emphasize that $\documentclass[12pt]{minimal}
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                \begin{document}$R_{\infty}$\end{document}$ corresponds to using a Heaviside firing rate function, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$ \|\mathbf{f}\|_{\infty}=\sup_{1\leq i\leq N}|f_{i}|,\quad \mathbf{f}=(f_{1},\ldots,f_{N}), $$\end{document}$$ for the supremum norm throughout this paper.

A simple example, presented in Sect. [4](#Sec8){ref-type="sec"}, shows that $\documentclass[12pt]{minimal}
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                \begin{document}$R_{\infty}$\end{document}$ can become discontinuous. Hence, the model is mathematically ill posed \[[@CR4], [@CR5]\] and round-off errors of any size can corrupt computations. We conclude that it is very difficult to produce reliable simulations with such models. Since all norms for finite dimensional spaces are equivalent, it is not possible to "circumvent" this problem by changing the involved topologies.

According to standard ODE theory (Appendix [A](#Sec10){ref-type="sec"}), $\documentclass[12pt]{minimal}
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                \begin{document}$R_{\beta}$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta< \infty$\end{document}$, is continuous, but the size of the error-amplification ratio $$\documentclass[12pt]{minimal}
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                \begin{document}$$ E(T;\beta)= \frac{\| \mathbf {u}(T;\beta) - \tilde{\mathbf{u}}(T;\beta) \|_{\infty }}{\| \mathbf{u}_{0} - \tilde{\mathbf{u}}_{0} \|_{\infty}} $$\end{document}$$ may be huge for large *β*, which will be demonstrated and analyzed in Sects. [2](#Sec2){ref-type="sec"} and [3](#Sec3){ref-type="sec"}, respectively. Here, $\documentclass[12pt]{minimal}
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                \begin{document}$\tilde{\mathbf{u}}_{0}$\end{document}$ represents a perturbed initial condition and $\documentclass[12pt]{minimal}
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                \begin{document}$\tilde{\mathbf{u}}(t)$\end{document}$ its associated solution. This implies that, also for $\documentclass[12pt]{minimal}
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                \begin{document}$1 \ll\beta< \infty$\end{document}$, it can become difficult to guarantee the accurate numerical solution of ([1](#Equ1){ref-type=""})--([2](#Equ2){ref-type=""}): Minor round-off errors may be significantly amplified within short time intervals, which can lead to erroneous simulations.

Our investigation is motivated by the fact that steep sigmoid functions, or even the Heaviside function, often are employed in mathematical/computational neuroscience; see e.g. \[[@CR1], [@CR6]\] and references therein. Other authors \[[@CR7], [@CR8]\] have also pointed out that severe challenges occur if $\documentclass[12pt]{minimal}
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                \begin{document}$\beta= \infty$\end{document}$, i.e. issues concerning how to define suitable function spaces and to prove existence of solutions. Nevertheless, as far as we know, results which explicitly discuss the ill-posed nature of ([1](#Equ1){ref-type=""})--([2](#Equ2){ref-type=""}) when $\documentclass[12pt]{minimal}
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                \begin{document}$\beta=\infty$\end{document}$, and how this property yields extra numerical challenges in the steep, but smooth, firing rate regime, has not previously been published.

Remark {#FPar1}
------

We would like to point-out the following: Assume that an initial condition is close to an unstable equilibrium. Our results should not be interpreted as expressing the mundane fact that a perturbation of this initial condition, moving it to another region with completely different dynamical properties, may lead to large changes in the solution. In fact, we show that the error-amplification ratio can be huge, during small time intervals, even though the perturbation does not change which neurons are active. That is, the change in the initial condition is not such that it changes the qualitative behavior of the dynamical system for $\documentclass[12pt]{minimal}
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                \begin{document}$0< t \ll 1$\end{document}$---only the quantitative properties are dramatically altered. This can happen in the steep firing rate regime.

Numerical Results {#Sec2}
=================

Let us first compute the error-amplification ratio ([5](#Equ5){ref-type=""}) for some simple problems.

Example 1 {#FPar2}
---------

Consider the following model of a single point neuron, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$u(t)=u(t; \beta)\quad\mbox{for } \beta=1, \dots, 200. $$\end{document}$$ Also a second series of simulations were performed, using the same selection of values for the steepness parameter, but with the perturbed initial condition $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \tilde{u}_{0} = u_{0} - 10^{-5}. $$\end{document}$$ The corresponding solution is denoted $\documentclass[12pt]{minimal}
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                \begin{document}$\beta=200$\end{document}$, are displayed in Fig. [1](#Fig1){ref-type="fig"}. Note that in both cases the neuron fires, i.e. the change in the initial condition is not such that it has moved from one side of an unstable equilibrium to the other side. Even so, according to Fig. [2](#Fig2){ref-type="fig"} and Table [1](#Tab1){ref-type="table"}, the error-amplification ratio $\documentclass[12pt]{minimal}
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                \begin{document}$E(T;\beta)$\end{document}$, due to the minor perturbation ([6](#Equ6){ref-type=""}) of the initial condition, is in the range $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Simulations with the strict error-control setting $$\documentclass[12pt]{minimal}
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Example 2 {#FPar3}
---------

Let us consider a model of two point neurons: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{gathered} \begin{aligned}[b] u'_{1}(t) &= -u_{1}(t)+0.9 S_{\beta} \bigl[u_{1}(t)-0.6\bigr]+1.0 S_{\beta} \bigl[u_{2}(t)-0.6 \bigr]-0.3492,\quad t \in(0,T],\\ u'_{2}(t) &= -u_{2}(t)-0.1 S_{\beta} \bigl[u_{1}(t)-0.6\bigr]+0.6 S_{\beta} \bigl[u_{2}(t)-0.6\bigr]+0.3501,\quad t \in(0,T],\\ u_{1}(0) &= u_{1,0} = 0.6,\\ u_{2}(0) &= u_{2,0} = 0.6. \end{aligned} \end{gathered}$$ \end{document}$$ The same procedure as in Example [1](#FPar2){ref-type="sec"} was used, but with the perturbed initial condition $$\documentclass[12pt]{minimal}
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Figures [3](#Fig3){ref-type="fig"} and [4](#Fig4){ref-type="fig"} show that this minor change of the initial condition, in the steep firing rate regime, has a huge impact on the solution of the model. And, the perturbation does not change which neuron that fires. In Fig. [5](#Fig5){ref-type="fig"} we have plotted the error-amplification ratio $\documentclass[12pt]{minimal}
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                \begin{document}$E(T;\beta)$\end{document}$ is unacceptably large, even for rather moderate values of the steepness parameter. Fig. 3Numerical results, with steepness parameter $\documentclass[12pt]{minimal}
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                \begin{document}$T=0.1$\end{document}$, for the problem studied in Example [2](#FPar3){ref-type="sec"} Fig. 4Numerical results, with steepness parameter $\documentclass[12pt]{minimal}
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                \begin{document}$T=0.2$\end{document}$, for the problem studied in Example [2](#FPar3){ref-type="sec"} Fig. 5Error-amplification ratio as a function of the steepness parameter *β* for the problem studied in Example [2](#FPar3){ref-type="sec"}

As in Example [1](#FPar2){ref-type="sec"}, we used Matlab's ode45 solver with the standard settings. Computations with the strict error-control parameters $$\documentclass[12pt]{minimal}
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Figure [6](#Fig6){ref-type="fig"} shows numerical results computed with Matlab's ode15s solver, employing the default error-control settings. The curves shown in this figure are very different from the graphs displayed in Fig. [4](#Fig4){ref-type="fig"}, which were computed by the ode45 software. We conclude that even the toy example considered in this section is not trivial to solve (with the strict error-control setting ([7](#Equ7){ref-type=""}), ode15s also managed to produce the curves shown in Fig. [4](#Fig4){ref-type="fig"}). Fig. 6Results generated by Matlab's ode15s solver, with steepness parameter $\documentclass[12pt]{minimal}
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                \begin{document}$T=0.2$\end{document}$. Note that the *curves* are very different from the graphs produced with the ode45 solver; see Fig. [4](#Fig4){ref-type="fig"}
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                \begin{document} $$\begin{aligned} \bigl|u'_{1}(t)\bigr| \leq& 1.2 + 0.9 + 1.0 + 0.3492 = 3.4492, \\ \bigl|u'_{2}(t)\bigr| \leq& 1.2 +0.1+0.6+0.3501 = 2.2501, \end{aligned}$$ \end{document}$$ which are rather small. One therefore might think that it is sufficient to employ a moderate time-step to obtain an accurate numerical approximation. Figure [7](#Fig7){ref-type="fig"} shows that this is not the case. (In computational mathematics it is well known that the accuracy of the finite difference approximation $\documentclass[12pt]{minimal}
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Analysis {#Sec3}
========

The purpose of this section is to present an analysis of the error-amplification ratio ([5](#Equ5){ref-type=""}) and thereby explain the main features of our numerical results. Even though the Picard--Lindelöf theorem \[[@CR9], [@CR10]\] asserts that ([1](#Equ1){ref-type=""})--([2](#Equ2){ref-type=""}) has a unique solution $\documentclass[12pt]{minimal}
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Linearization {#Sec4}
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### Remark {#FPar4}
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Preparations {#Sec5}
------------
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The main point of this discussion is to show that there exist (smooth) source terms **q** and perturbations of the initial condition such that ([14](#Equ14){ref-type=""}) holds, regardless how large $\documentclass[12pt]{minimal}
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Linearization Error {#Sec6}
-------------------
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Error-Amplification Ratio {#Sec7}
-------------------------
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In our numerical experiments, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\| \mathbf{u}_{0} - \tilde{\mathbf {u}}_{0} \| _{\infty} = 10^{-5}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta_{\max}=200$\end{document}$. That is, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\| \mathbf{u}_{0} - \tilde{\mathbf{u}}_{0} \|_{\infty} \ll\beta_{\max}^{-1}$\end{document}$ and ([14](#Equ14){ref-type=""}) will hold with some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha\geq1$\end{document}$ during a short time interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[0,\hat{T}]$\end{document}$. It is virtually impossible to distinguish between the curves of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(T;\beta)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I(T;\beta)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta=1,2, \ldots , 200$\end{document}$, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T=10^{-4}$\end{document}$ (curves not presented). Figure [8](#Fig8){ref-type="fig"} illustrates that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I(T;\beta)$\end{document}$ also yields a reasonable approximation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(T;\beta)$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T=0.06$\end{document}$. Fig. 8Error-amplification ratio $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(T;\beta)$\end{document}$, *red dashed lines*, as a function of the steepness parameter *β*. *The black dotted curves* are the graphs of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I(T;\beta)$\end{document}$. These plots were generated with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T=0.06$\end{document}$

We conclude that, during time intervals in which ([14](#Equ14){ref-type=""}) holds, the linearized equations ([9](#Equ9){ref-type=""})--([10](#Equ10){ref-type=""}) yield a fair approximation of the point-neuron model ([1](#Equ1){ref-type=""})--([2](#Equ2){ref-type=""}). Hence, the analysis presented in this section, which provided an error-amplification ratio of order $\documentclass[12pt]{minimal}
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### Remark {#FPar5}
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We would also like to comment that standard theory for general dynamical systems $$\documentclass[12pt]{minimal}
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Ill Posed {#Sec8}
=========

We will now show that ([1](#Equ1){ref-type=""})--([2](#Equ2){ref-type=""}) can become truly ill posed, if a Heaviside firing rate function is employed. More specifically, the *initial-condition*-to-*solution* map, in finite time, can be discontinuous.
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The error-amplification ratio for this ill-posed problem becomes infinite when $\documentclass[12pt]{minimal}
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One may consider this issue from a more pragmatic point of view. Let $\documentclass[12pt]{minimal}
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Conclusions and Discussion {#Sec9}
==========================
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                \begin{document}$R_{\infty}$\end{document}$ can become discontinuous, it is virtually impossible to guarantee the accurate numerical solution of point-neuron models which employ a Heaviside firing rate function: Any round-off errors can potentially corrupt simulations. Alternatively, one may stop the simulation as soon as the solution hits the jump discontinuity, i.e. the threshold value for firing.

We have also observed that models with a steep, but smooth, firing rate function can amplify errors to an extreme degree, which is typical for "almost ill-posed" problems. Consequently, reliable simulations can only be obtained if proper error-control schemes are invoked. How to design effective error-control methods, for models with a large steepness parameter *β*, is, as far as the authors know, still an open problem. Nevertheless, it seems plausible that suitable adaptive numerical schemes, where the time steps become smaller when the solution reaches regions in the vicinity of the threshold value for firing, might be capable of handling the numerical error amplification.
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From a modeling perspective one might wonder: Should a voltage-based model of cortex be ill posed or "almost ill posed"? If so, then models employing a Heaviside firing rate function cannot be robustly solved with finite precision arithmetic and regularized approximations are numerically challenging \[[@CR4], [@CR5]\].

We fear that similar unfortunate properties, to those discussed in this paper, might be valid for models which can be written in the form $$\documentclass[12pt]{minimal}
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An easy solution to the issues raised in this paper, is to avoid steep firing rate functions. If *β* is fairly small, then standard ODE theory \[[@CR9], [@CR10]\] and textbook material about their numerical treatment can be used, provided that the source term $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbf {q}(t)$\end{document}$ is continuous. Nevertheless, steep sigmoid functions are popular in computational neuroscience.

Appendix A: Continuous Dependence on the Initial Condition {#Sec10}
==========================================================

We will prove the stability estimate ([23](#Equ23){ref-type=""}), which holds if $\documentclass[12pt]{minimal}
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                \begin{document}$\{ \omega_{ij} \}$\end{document}$ denote the entries of ***ω***.

We first observe that the component functions $\documentclass[12pt]{minimal}
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Appendix B: Continuous Dependence on the Steepness Parameter {#Sec11}
============================================================
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Appendix C: Continuous Dependence on the Initial Condition and the Steepness Parameter {#Sec12}
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